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Let F be a local field of characteristic p > with perfect residue field k. The wild 
group R = Auti F is the group of wild continuous automorphisms {a : (a — 1)Of C 
M. 2 F } of the local field F. A choice of a prime element t of a local field F determines 
an isomorphism of Auti F and the group of formal power series f(t) =t + a,2t 2 + . . . 
with coefficients from k with respect to the composition (/ og)(t) = f(g(t)). We shall 
write Rk for R to specify the residue field. 

The group Rk plays an important role in the theory of pro-p-groups being one of 
the main known representatives of the class of just infinite pro-p-groups of finite width 
which are not p-adic analytic, see for instance [18]. The group Rk is known under 
various names including the Nottingham group and the Richard group. 

It has been investigated by group theoretical methods (D. Johnson, I. York, A. Weiss, 
C. Leedham-Green, A. Weiss, A. Shalev, R. Camina, Y. Barnea, B. Klopsh) and number 
theoretical methods (Sh. Sen, J.-M. Fontaine, J. -P. Wintenberger, F. Laubie, J. Lubin, 

H. -C. Li). 

In this paper we apply Fontaine-Wintenberger's theory of fields of norms to study 
the structure of the wild group R^. In particular we provide a new short proof of 
R. Camina's theorem which says that every countably based pro-p-group (i.e. with 
countably many open sugroups) is isomorphic to a closed subgroup of R$ . In sect. 6 
we deal with some specific subgroups T of Rf p ; they have remarkable properties, in 
particular the commutator subgroup is unusually small. Realizing the group T as the 
Galois group of arithmetically profinite extensions of p-adic fields we answer affirmatively 
in sect. 7 Coates-Greenberg's problem on deeply ramified extensions of local fields. In 
final sect. 8 we show that the wild group is not analytic over commutative complete 
local noetherian integral domains with finite residue field of characteristic p. 

I. Let vp be the discrete valuations of F = k((t)). We use simultaneously two 
interpretations of R = R^: as formal power series t + c^t 2 + . . . with respect to the 
composition and as wild automorphisms of F. When we use formal power series /, g 
their multiplication is denoted by fog, when we use automorphisms a, r their product 
in R is denoted by err. 

For a formal power series f(t) denote i(f(t)) = min{i ^ 2 : ctj 7^ 0} — 1. Let 
Ri = {f(t) : i(/(t)) > i}. 
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Denote [a, r] = ara 1 t 1 . The following property of commutators will be often in 
use 

(°) [vT,p] = [a,[T,p]][T,p][a,p\. 

As usual, we denote by dots terms of higher order. For a,b G k 

[t + at\t + bt j ] = t + ab(i - j)f +J_1 + . . . . 

Therefore, Ri are normal subgroups of R. The group R being the projective limit of 
finite p-groups R/Ri is a pro-p-group. From the commutator formula one immediately 
deduces that [R n ,R m ] = R n + m 'tf m — n is relatively prime to p and [R n ,R m ] = 
R n+m+ i if m—n is divisible by p, see for example [7, Prop. 12]. In addition, RP n ^ R np , 
see the first part of the proof of the Proposition in sect. 6. Thus, [R,R] = [R,R]R P = 
R3. The group Rf is a pro-p-group with 2 generators, generated by any two elements 
of R2 \ R3 and R3 \ i?4, hence by t + t 2 (of infinite order) and t/ (1 — t) (of order p). 

Moreover, the group R is a so called hereditarily just infinite group: every nontrivial 
normal closed subgroup G of an open subgroup is open. Indeed, by the commutator 
formula the set H = [t + at l+1 + . . . ,Rj] has the property R u ^ R U+ \H for u ^ 
j + i, (p,u — i) = 1. Then for an odd p and sufficiently large / the group G contains 
some t + at 1 + . . . and £ + ai' +1 + . . . , so G contains R w for sufficiently large w. For 
p = 2 use in addition the property (t + a£ l ) o (£ + ai l ) = t + a 2 t 2l ~ 1 + . . . . 

2. For a closed subgroup G of R put = G n Ri for i G N, G x = Gr x ] for i£l. 
Denote (Pg(%) = / X | ■ The group G is called an arithmetically profinite subgroup 
of R if lim x ^ +00 (pc(x) = +00, see [25]. If this is the case, define ^g{x) as the 
inverse function to <Pg{x) and put G(x) = G^ a ( x y The points of discontinuity of the 
derivative of ipc are called breaks of G; the points of discontinuity of the derivative of 
V>g are called upper breaks of G. 

A theorem of Sen [23] says that the subgroup of G generated by an element a of 
infinite order is arithmetically profinite and «(<t p ") = i(a pn ) modp n . For general- 
izations and other proofs see [27], [20], [19]. 

3. Let K be a local field with perfect residue field k = kx of characteristic p. A 
Galois extension L/K is called arithmetically profinite if the upper ramification groups 
G(L/K) X are open in G(L/K) for every x. Equivalently, L/K is arithmetically profinite 
if it has finite residue field extension and the Hasse-Herbrand function h L / K (x) = 
limhE/K(x) takes real values for all real x ^ where E/K runs through all finite 
subextensions in L/K, see [28], [9, Ch. Ill, sect. 5]. 

For an infinite Galois arithmetically profinite extension L/K the field of norms N = 
N(L/K) is the set of all norm-compatible sequences 

{(ob) : (ie G E*,E/K is a finite subextension of L/K} 

and zero, such that the multiplication is componentwise and the addition (oe) + (&e) = 
(ce) is defined as ce = lim^ N m / e {o-m + &m) where M runs through all finite 
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subextension of E in L. For the properties of the fields of norms see [25], [28], [9, Ch. 
Ill, sect. 5]. 

In this paper with the last paragraph being excluded all Galois arithmetically profinite 
extensions are totally ramified p-extensions; therefore the Galois group consists of wild 
automorphisms only. 

The field N is a local field of characteristic p with the residue field and a prime 
element t = {tte) which is a sequence of norm-compatible prime elements of finite 
subextensions of L/K. Every automorphism r of L over K being wild induces a wild 
automorphism a of the field of norms: ct((7Te)) = (t7Te). 

A Galois infinite subextension of a Galois arithmetically profinite extension is arith- 
metically profinite. Let F/K be a Galois totally ramified p-extension and F contain L 
which is an arithmetically profinite extension of K. If \F : L\ < +oo, then F/K is an 
arithmetically profinite extension. The field of norms N(L/K) can be identified with a 
subfield of N(F/K); the extension N(F/K)/N(L/K) is an extension of local fields. 
If F is a Galois extension of L, then one defines N{F,L/K) as the compositum of all 
N(F'/K) where F' runs through Galois extensions of K in F with \F' : L\ < +oo. 
One of the central theorems of the theory of fields of norms says that the absolute 
Galois group of N(L/K) coincides with G(N{L sep ,L/K)/N(L/K)) and the latter is 
isomorphic to G(L sep /L), see [28, 3.2.2]. 

The functor of field of norms W = Wl/k associates to an infinite Galois arithmeti- 
cally profinite extension L/K its field of norms N(L/K) and the closed arithmetically 
profinite subgroup G of the group Rk = Auti N(L/K) which is the image of the Galois 
group of L/K; the upper ramification filtration G{L/K) X is mapped onto the filtration 
G(x) of G, see [28, 3.3]. 

For a finite Galois totally ramified p-extension N/K of local fields of characteristic 
p the Galois group G(N/K) is isomorphic to a subgroup of Rk = Auti N. The 
extension F/K is arithmetically profinite if and only if N(F,L/K) is an arithmetically 
profinite extension of N(L/K); then the image of G(N(F,L/K)/N(L/K)) under 
Wn{f,l/k)/n(l/k) in Rk coincides with the image of G(F/L) as a closed subgroup 
in G(F/K) in R k under W F/K , see [28, 3.2]. 

4. A theorem of Wintenberger ([27]) says that for every abelian closed subgroup G of 
the group Rk there exists a Galois arithmetically profinite extension L/K of local fields 
such that W(L/K) = (fc((t)),G). 

For example, the group topologically generated by an element a of infinite order in 
R comes from an arithmetically profinite Z p -extension L/K. It is easy to deduce that 
the sequence i(a pn )/p n is increasing. Denote pe/(p — 1) = l\m i(a pn )/p n . Then either 
e = +oo or e E N. In the first case K is of positive characteristic, in the second case 
K is of characteristic and its absolute ramification index is e. By the proposition in 
sect. 6 e(r) = pi is finite for r(t) = t + t 1+p% . 

An observation due to Fontaine [11] is that e = +oo if and only if a belongs to 
the topological closure of the torsion (the set of torsion elements) of R. Indeed, as- 
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sume that the group G topologically generated by a comes from a Galois arithmetically 
profinite extension L/K of fields of characteristic p with a generator r. Let K n be the 
subextension of L of degree p n over K. Map K n isomorphically onto N by sending a 
prime element ttk^ of a norm-compatible sequence of prime elements of finite subex- 
tensions in L/K to t. Let N n C N be the image of K under this homomorphism, and 
let o n (of order p n ) be the image of r. Then i(aa~ 1 ) tends to +00 when n grows. 
Conversely, if a is the limit of a sequence of automorphisms a n of finite order, then 
the upper breaks Uj of G = (<r) satisfy ^ u p (see for instance [17]), therefore 
e = +00. 

Wintenberger and Laubie studied p-adic Lie subgroups in R which are in the image 
of the functor W, see [25], [26], [16]. 

5. The wild group R is not p-adic analytic, since for instance for every n relatively 
prime to p there is a € R n \ R n +i such that a p = e (it suffices to observe that given a 
natural number relatively prime to p there a cyclic totally ramified extension of degree 
p of a local field of characteristic p with the ramification break equal to that number). 
Another way to argue is to use the property of p-adic analytic groups to contain an open 
subgroup of finite rank (i.e. an open subgroup for which the supremum of the number 
of generators of its closed subgroups is not infinity), see [6, Cor. 9.36]). The group R 
doesn't contain an open subgroup of finite rank, since the number of generators of Ri 
tends to infinity when i tends to infinity. 

For more properties of R see Remarks 1, 2 in sect. 6. 

Proposition. Let G be a countably based pro-p-group. Then there exists a Galois 
arithmetically profinite extension L of ¥ P ((X)) such that G{L/¥ P {{X))) is isomorphic 
to G. 

Proof. Let G = ^mGi where Gi are finite pro-p-groups and \Gi + \ : Gi\ = p. Assume 
that Gi is isomorphic to G(Ki/¥ p ((X))). It is well known that the prop-part of the 
absolute Galois group of F P ((X)) is a free countably generated pro-p-group. Hence the 
imbedding problem 

(G i+1 ^G % = G(Ki/¥ p ((X)))) 

has a solution Ki{(5) with [3 P — [3 = a G K it see for instance [12, Th.l']. Following the 
method of Camina [3] replace a by a.\ = a+c with c G ¥ P ((X)). Then K i+ i = Ki{(5\) 
with (/?i) p — 0\ = oi\ is a solution of the same imbedding problem and the ramifica- 
tion break of K i+i /Ki can be made arbitrarily large by choosing c with % p ((x))(c) 
being sufficiently negative and relatively prime to p. Therefore one can construct an 
arithmetically profinite extension L/¥ P {{X)) as desired. □ 

Corollary 1 (Camina). Every countably based pro-p-group is isomorphic to a closed 
subgroup of R ¥p . 

Proof. Apply the functor W to the extension L/¥ P ((X)). □ 
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Remark 1. According to the proof given in this paper every countably based pro- 
p-group is isomorphic to infinitely many different closed arithmetically profinite sub- 
groups in the closure of the torsion of Rw p . Note that if r 6 G{L/¥ P {{X))) is 
of infinite order, then the fixed field L T of r is an arithmetically profinite exten- 
sion of ¥ P ((X)) and the image of r in Rf p can be identified with the image of 
r e G(N(L,L T /¥ p ((X)))/N(L T /¥ p ((X)))) in R ¥p . The latter belongs to the closure 
of the torsion of Rf p as was indicated in the previous section. Varying the set of upper 
ramification breaks as in the proposition every infinite countably based pro-p-group can 
be embedded in infinitely many ways into R; the images have different sets of breaks. 

Remark 2. In Camina's proof every finitely generated pro-p-group is realized as the 
Galois group of a totally ramified p-extension with specific properties of its ramification 
breaks, then it is embedded into Rf p (actually in the closure of the torsion). Then 
Lubotzky-Wilson's theorem is applied (see Corollary 2) to handle the general case of 
a countably based pro-p-group. One can use Example 2.4 of [8] to show that the 
closed subgroups of R given by Camina's construction are not in general arithmetically 
profinite subgroups of R. 

Remark 3. In discussions with D. Segal and B. Klopsch we have observed that ev- 
ery closed subgroup G of R which is in the image of the functor of fields of norms 
has Hausdorff dimension (for the definition see [1]) equal to zero. Indeed, the non- 
decreasing sequence of the set of breaks (s^ of G satisfies J2( s i ~ S ii)/P % = +°°' 
hence liminfi/sj = 0. Closed subgroups of R produced in Camina's construction have 
Hausdorff dimension zero as well. 

The closure of the torsion of R is different from R, since every automorphism with 
finite e (see the previous section) doesn't belong to the closure of the torsion of R (by 
the way, the closure of the group generated by the torsion of R coincides with R for 
p > 2). The same arguments as in the proof of Corollary 1 show that every closed non- 
pro-p-cyclic subgroup of R which is in the image of W is inside the closure of the torsion 
of R. Hence there is an infinite chain of closed subgroups of R: G\ = R > G2 > ■ ■ ■ 
such that all Gi are isomorphic to each other and each next is contained in the closure 
of the torsion of the previous one. 

Corollary 2 (Lubotzky-Wilson). There is a pro-p-group with 2 generators which 
contains as a closed subgroup every countably based pro-p-group. 

Proof. The group Rp p does. □ 

Problem. Given a free pro-p-group G with finite number of generators does there exist 
a Galois arithmetically profinite extension L of K , \K : Q p \ < +00, such that G(L/K) 
is isomorphic to G? 

The affirmative answer will imply that for every finitely generated pro-p-group G 
there is a closed subgroup inside the group Rf isomorphic to G which comes via 
the functor of fields of norms from a Galois arithmetically profinite extension of local 
number fields. 
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We will show in the next section that this is true for specific closed subgroups T of 
R which are different from pro-p-cyclic groups. 

6. For m ^ 2 define the following closed subgroups in the wild group R = R^ v 

S m = [j>t 1+m< : °o = l, Oi GF P |. 

For m relatively prime to p the group of principal units 1 + i m F p [[i m ]] is uniquely 
m-divisible, therefore one can associate to an element a G R considered as a wild 
automorphism of ¥ p ((t m )): a(t m ) = t m f(t m ) with f(t) G l+t¥ p [[t]] an automorphism 
t G S m considered as a wild automorphism of ¥ p ((t)): r(t) = t y/ f{t m ). Hence S m 
is isomorphic to R and S mp r is isomorphic to S p r. 

Forr ^ 1 denote q = p r , T = S q and put T, = {f(t) G T : f(t) G t + t 1+qi ¥ p [[t]]}. 

Proposition. 

(1) If a G Ti \ T i+1 then a v G T pi \ T pi+1 ; the intersection ofT with the closure of 
the torsion of R is trivial. 

(2) [Ti,Ti] ^ T( g+1 )j +1 , the group Ti/T( q+1 )i is abelian of exponent pq. A nontrivial 
normal closed sugroup of an open subgroup ofT is open (T is hereditarily just infinite). 

(3) [T,T]TP > T q+2 and T has not more than q generators. 

(4) T is not p-adic analytic. 

Proof. 

(1) For a G F = F p ((t)) one has — a) ^ v F {a) + i(a) with equality when 
v F (a) is relatively prime to p. Therefore 

i(a p ) = v F ((a p - l)(t)) - 1 = v F ((a - If (t)) - 1 ^ pi(<7), 

hence i?£ ^ R np and i(<r p ) = v F ((a - l) p (t)) - 1 = pi(a) for i(cr) = 1 + qi. 

(2) The proof of this part is rather lengthy. 

Lemma 1. Let j = jp n , i = 1p m with integers i,j relatively prime to p. 

Let o G N be such that i + j, 2i are equal or greater than o. Then for a, b G ¥ p 

[t + at 1+qj ,t + bt 1+qi ] = t + jabt 1+qj+q2ipn /(l + at qj ) 

-bt 1+qi (J2 (^a l (t q2l ^ m /(l + at q ^y^ m ))/((l + bt q ')(l + at q2 ^ i ) mod t 1+q2 ° +q ¥ p [[t}}. 
i=i ^ ' 



Proof. Let g(t) = (t + at 1+ «) o (/ + bt 1+9< ) - (t + bt 1+qi ) o (t + at 1+ «). Then 
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Denote by a(t) and (5{t) the inverse series in T to t + at 1+q: > and t + bt 1+qt respectively. 
Note that for f x {t) e 1 + t q ¥ p [[t% f 2 (t) el + t l ¥ p [[t}] 

(V) (tMt)) o (tf 2 (t)) = th{t)f 2 (t) mod t 1+q ^ ¥ p [[t}}. 

Therefore, 

a(i) = t/(l + at qj ) modt q2j ¥ p [[t}}, 0(t) = t/(l + bt qi ) mod t q2i ¥ p [[t}}, 
{13 o a)(t) = a(t)/(l + = t/((l + + at«')) mod F p [[t]], 

(a o p)(t) = a(t)/(l + mod i^* F p [[t]]. 

Due to the conditions on o the series gooto j3 is congruent mod t 1 +9 2 °+ 1 ? F p [[i]] 
to 

(at qj jbt q2ip " (t + o (a(t)/(l + bt qi )) 

- Qa^ 2j>m )(* + atl+q ')) ° ("(*)/(! + htqi )) 

= -jabt q ^ q2 ^ a(t) - ba(t) qi (J2 (j) a '(*/(l + at 1+qj )) l * >jpm ) 0(t) 
and the lemma follows. □ 

Remark. If i ^ j, one can take i + j as o. If a pair satisfies the conditions of 
Lemma 1, then so does every pair (i',f) with i' ^ + j' ^ i + j. 

Now it is clear that [t + at l+q i , t + bt 1+qi ] for i > j belongs to t + t 1+q ^ +q ^ ¥ p [[t]] 
and [Tj,Tj] ^ T^ q+1 ^ i+ i. Then (1) implies that Tj/T( ?+1 )j is abelian of exponent pq. 

Lemma 2. Let p > 2. F/x s satisfying 1 ^ s ^ r. Z_et i > j ^ q 2 and i be relatively 
prime to p. Let the set X consist of pairs (i m ,j m ) of the following type: 

1m t>i 3m 3 Qt 

i m is relatively prime to p; 

3m ^ j ifim = i; qjm + P s i m > qj + P s i ifi m > i; 

(o) ifi m + qj m < j + qi, then i m = u m i + v m q with integers u m ^l,v m ^0. 

Put im = ~3mP n ^ m ^ where j m is relatively prime to p. Let c m , d m , e m , f m be non- 
negative integers such that d m > iff c m > and f m >0 iff e m > 0. 

Then the equality 

^2 (.Cmim + qdmjm + emJm+qfmimP 11 ^^) = k + qj, p s ~ l i < k ^ p s i,p s \k 

(im,jm)€X 

implies that up to reodering terms (1) k = p s i; (2) if p s < q then c\ = p s ,di = 1, 
h = = j, and all e m , f m are zero; (3) if p s = q, then either c\ = q,d\ = 1, 
h = i,ji = j, and all e m , f m are zero or ei = q,fi = 1, k = i,ji = j and all c m , d m 
are zero. 

Proof. Let not all c m be zero. Since i m + qj m > qj, we have Y,( c mi m + qd m jm) = 
k+qj. If, say, c\h+qd\j\ ^ j+qi, then cih+qdiji = k+qj, p s \a and c 1 i 1 +qd 1 j 1 ^ 
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P s h+qji (which is > p s i+qj if i\ ^ i). Hence i\ = = j, c\ = p s ,di = 1, k = p s i. 
If all c m i m + qd m j m are smaller than j+qi, then Y, c mi m = (E c m u m )i + {Yl c m v m )q, 
p s divides E c m u m and E c m z m ^ p s i by (o). Then /c + gj ^ p s z + g(E d m j m ). Since 
2j m > j, we deduce that, say, d\ = 1, d m = for m^l. Then cin + gji = /c + qj. 
Since p s divides C\, c\i\ + qji ^ p s i\ + gji, and the latter is > p s i + qj whenever 
ii 7^ i. Hence i\ = i,j\ = j, c\ = p s ,k = p s i. 

Let all c m be zero. Then, say, fi = l and f m = for m ^ 1. From eiji+giip™^ 1 ) = 
k + qj it follows that re(j'i) = and p s divides ei. Then k + qj ^ p s ji + gii, therefore 
ji < i\. In addition p s ji + qii > p s ii + qji if p s < g, and p s ii + gji > p s i + qj if 
ii 7^ i Therefore, ^ = i, j\ = j, e\ = p s = q, k = qi. □ 

From the previous Lemmas and formula (o) of sect. 1 we deduce the following 

Remark. Let i,j be as in Lemma 2. For i relatively prime to p and 1 ^ s < r the 
coefficient of t 1+q ( p! ' i+q ^ in [t + at l+q i + ...,* + bt 1+qi ] is equal to -iab and the 
coefficient oft 1+q is equal to {j — i)ab. 

Now let if be a nontrivial closed normal subgroup of an open subgroup G of T. We 
say that a natural number / belongs to H if TJ ^ Ti + iH. From what has been proved 
it follows that given n ^ there is l n such that all p n l ^ with / relatively prime to 
p belong to H. 

Let j ^ max(7 + q, q 2 ), i > j, and let i,i — j be relatively prime to p. Let Ti ^ G. 
We shall use Lemma 1, Lemma 2, two previous Remarks and formula (o) of sect. 1 
in the following arguments. 

Let 6{t) = t + at 1+c " + ■■■ eH. Then 

Mh3,i + Qj) = [0(t),t + t 1+qi ] =t+J2 w lm t l+q ^ + ^ mod t 1+q2 ^ +q ¥ p [[t]] 

where (i m J) satisfy (o) and w p si ^ for 1 ^ s ^ r. Let p(t) =t + at 1+q ^~ p ^ € 

H. Then using (v) we deduce that for appropriate c € F p 

[6{t),t+t 1+q *][p{t),t+ct 1+q( * i+q ri] =t+Y^ x lm t 1+q{ - qj+i ^ mod t 1+q2{i+j)+q ¥ p [[t]] 

where (i m ,j) satisfy (o) and x p *i ^ for 1 ^ s ^ r. 

To deal with t + t l+q ^ +%m ^ where p s ~ 1 i < i m < p s i, i m = p n i m and i m > i is 
relatively prime to p note that by Lemma 2 and induction ^ n ^ s — 1. Then use 
appropriate u;„(^ TO , j, z m + gj) for z m + qj ^ j + qi and uj n (u m p- n i,j + v m ,i m + gj) 
for i m + qj < j + qi, i m = u m i + v m q. Hence in H there is an element 

co s (i,j,p s i + qj)=t+ V*J X+q{qdJrlm) modt 1+ « 2 ^ + «F p [^] 

where (i m ,j) satisfy (o) and y p n ^ for s ^ / ^ r. To eliminate t + t 1+ 9(9i+p Sl ) if 
s < r multiply u> s (i,j,p s i + qj) by appropriate power of u s (i + q,j — p s ,p s i + qj). 
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We conclude that the numbers p s i + q 2 j for 1 ^ s ^ r belong to H. Varying 
i for the given j, then passing to a greater j' such that the pair satisfies the 

conditions above and varying i' we conclude that all sufficiently large I belong to H. 
Since H is closed, 7] is contained in H for sufficiently large I and H is open. 

(3) Note that if i > j and i is relatively prime to p, then [t + at 1+qj ,t + = 
t - ia6t 1+9i+<?2j ' + . . . . Therefore T t < 7} + i[T,T] for all I > g + 2 relatively prime to 
p. By (1) T pi ^ T pi+1 T P and the assertion follows. 

(4) The group T doesn't contain an open subgroup of finite rank, since the cardinality 
of Ti/[Ti,Ti}T[ tends to infinity when i tends to infinity. Alternatively, if T were a 
p-adic analytic group, then by [6, Th. 9.34] it would contain an open subgroup G which 
is a uniformly powerful pro-p-group, so in particular G p = {g p : g 6 G} would be a 
subgroup of [G,G], see [6, Prop. 2.6]. However, the subgroup [G,G] contains some 
elements t + t 1+qi + . . . with i relatively prime to p which are obviously not in G p . □ 

Remark 1. Using the commutator formula of Lemma 1 one can show that T has 
finite width, i.e. the orders of terms of the quotient filtation of the lower central series 
filtration of T are uniformly bounded (see [18]). 

Proof. Let 7i (r) = [T,7;_i(T)] and 7 i(T) = T. From the formula of Lemma 1 it 
follows that (1) the minimal natural number which belongs to ji(T) is 2 + (i — l)q; 
all greater natural numbers relatively prime to p belong to 7i(T); (2) if I belongs to 
7i + i(T) and I is divisible by q, then I ^ q(3 + (i — l)g); all I ^ (5 + (i — l)q)q divisible 
by q belong to j i+1 (T); (3) if / belongs to ji(T) and I is not divisible by q, then I + q 2 
belongs to j i+1 (T). 

Therefore the width of T which is equal to suplog p \~fi{T) : 7 i+ i(T)| is not greater 
than q 2 + 2. 

Remark 2. Let (A, Ai) be a commutative complete local noetherian integral domain 
with finite residue field of characteristic p. For the theory of analytic groups over A see 
[21], [27, Part IV]. Using the commutator formulas of Lemma 1 one can show that the 
wild group R is not analytic over A, see [10]. 

7. Now let q = p r > p and F be an unramified extension of Q p of degree ^ q. Let 
L/F be a Galois totally ramified extension with the Galois group isomorphic to T (it 
exists, since according to Shafarevich's theorem the pro-p-part of the absolute Galois 
group of F is a free pro-p-group with \F : Q p | + 1 generators). 

A Galois extension L/F is called deeply ramified if the set of its upper ramification 
breaks is unbounded (see [5] and some additional information in [8]). 

Theorem. 

(1) The extension L/F is deeply ramified. 

(2) The extension L/F is arithmetically profinite; ifFcKcEcL with finite 
K/F and infinite Galois E/K , then G{E/K) is not p-adic analytic. 

Proof. (1) (inspired by Sen's proof [24] of Serre's conjecture on the ramification filtra- 
tion of p-adic analytic extensions of local number fields) 
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Denote by F{ the fixed field of Tj. For a finite Galois extension E/K and an 
automorphism a ^ 1 of E'/if denote by iftr(cr) the maximal rational number x such that 
a doesn't belong to the upper ramification group G{E/K) V for every v > x. Denote by 
u(E/K) = max{£ k (c) : cr E G(E/K),a ^ 1} its maximal upper ramification break 
(see [9, Ch. Ill, sect. 5]). Due to local class field theory for a finite totally ramified 
abelian p-extension M/K the number u{M/K) is equal to the maximal integer n such 
that Un+i^K Nm/ kU\,m doesn't contain the nth group of principal units U n ^K of K. 

We shall work with abelian extension inside L/F. Note that L doesn't contain 
nontrivial pth roots of unity. Following Sen [24] we say that the abelian extension M/K 
is not small if u{M/K) ^ pe{K) /(p — 1) where e(K ) is the absolute ramification index 
of K. Then, due to local class field theory there is an automorphism a £ G{M/K) 
such that tx(cr) ^ e(K)/(p — 1) and for every automorphism with this property we get 
t K {cr p ) = t K {a) + e{K). 

The extension is abelian. Denote i' = \(k(q + l)/p~|. Then due to 

property (1) of the proposition the group G(F( q+1 ^/ Fi>) has exponent p and each 
automorphism of F^ q+ i^/Fi which is nontrivial on Fy is of exponent at least p 2 . 

Suppose that F( q+1 ^/Fi is not small. Then there is a in G(F( q+1 ^/ Fi) satisfying 
the property 

(*) t Fi (^)=t Ft (a) + e(F i ). 

Note that if a p2 ^ 1 in G(F (q+1)i /F % ), then a p satisfies (*); if 1 ^ r € G(F (q+1)i / 
with tpiir) > tp.(a p ), then tp^r) > pe(Fi)/(p— 1) and hence r = pP for some 
p € and p satisfies (*). 

Let 1/ff £ G(F ( , +1)i /J!i) be such that «(F ( , +1)i /F i ) = t F >P) = t Fi (a) + e(F) 
and such that a acts trivially on Fj~ with the maximal possible integer k = k(i). 
We get i' > k ^ i'/p > i. Denote cr^ = <r. Since tp.(ak) ^ tp.(r) for every r 
which acts nontrivially on Fy, we deduce that tp^ak) = u{Fk+i/Fi) and therefore 
^K) = ^K) + e(F fc ). 

2 

Since tp k (al) > e(F)~)/{p— 1), and <r£ is nontrivial in G(F( g+1 ) fc /Ffc), we deduce 

2 

that tp k {a v k ) = iF fc (<7fc) + &{Fk) and the extension 'i^ is not small. 

Start with the extension F q+ i/F\ which is abelian of exponent p 3 . Since e(i<i) = 1, 
raising to the pth power maps Ui i p 1 onto Ui+i i p 1 , therefore u(F q+ i/Fi) ^ 3 and 
F q+1 /Fi is not small. Put k\ = k(l) ^ q/p 2 + 1, fc n+1 = fc(/s n ) > k n . Then 
*F(o-fc„ +1 ) ^ ^ tp(a k „) +e(F). Thus, q(F kn /F) tends to +oo when n tends 

to +oo, hence L/F is deeply ramified. 

(2) The extension L/F is arithmetically profinite: every G{L/F) X is a nontrivial 
normal closed subgroup of T, therefore is open of finite index by property (2) of the 
proposition. Normal extensions E of K in L are either finite over K or coincide with 
L and therefore G{E/K) is not p-adic analytic by the previous proposition. □ 

J. Coates and R. Greenberg in [5, p. 144] stated the following problem: is it true 
that for every finite extension K of Q p there exists a deeply ramified Galois p-extension 
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M of K such that that no subfield M' of M is an infinite Galois extension of a finite 
extension Q of Q p with G(M'/Q) being p-adic analytic. 

Using the previous theorem one can provide the affirmative answer on Coates- 
Greenberg's problem by taking the normal closure of KL over K as M. Indeed, then 
M/K is deeply ramified. Note that M is the compositum of a finite number of fields 
a(KL) and denote the compositum of all of them with KL excluded by N. If KL <£_ N, 
then KLnN is of finite degree over KF, since G(KL/KF) is hereditarily just infinite. 
If there is a subfield M' of M which is a Galois extension of a finite extension Q of 
Q p with G(M'/Q) being p-adic analytic, then, since QKL n M' is of finite degree 
over QKF (G(QKL/QKF) is hereditarily just infinite), the group G(M'KL/QKL) 
isomorphic to G(M'/M' n QKL) is an infinite p-adic analytic group, so G(LN/L) 
has an open subgroup which has an infinite p-adic analytic quotient. Since N n L is 
of finite degree over F, G(N/F) has an open subgroup which has an infinite p-adic 
analytic quotient. Eventually we deduce that G(L/F) has an open subgroup which has 
an infinite p-adic analytic quotient, a contradiction. 

Thus, G(M/K) doesn't have open subgroups which have infinite p-adic analytic 
quotients and M is an arithmetically profinite p-extension of K. 

The affirmative answer on the problem stated in sect. 4 implies that one can realize 
the Nottingham group as the Galois group of an arithmetically profinite extension of 
a local number field, therefore providing another extension L/F which has all the 
properties of the theorem. 

8. Let (A,M) be a commutative complete local noetherian integral domain with finite 
residue field of characteristic p. Let u(a) = min{i : a € M % }. 

Let F = F(X,Y) = X + F Y be a formal noncommutative group law over A of 
dimension d and F((M.) d ) the group of formal points associated with F. Let 

X+ F Y+ F - F X- F Y = Yl ( c % xJYK )^d 

\J\ + \K\>1 

with the usual notations for multi-indices. 

Let m = min{|J| + \K\ : c^ K ^ for some i}. 

Let f = max{|J| : c^ K ^ for some i, \ J\ + \K\ = m}. Let (J',K') be the maximal 
with respect to the lexicographical order (the first component is the most respected) 
multi-index such that \ J'\ = j', \K'\ = m — j' and Cj? K , ^ for some 1 ^ i ^ d. Let 
io be the minimal index such that Cj°^ K , ^ 0. Denote s = v(cj?^ K ,). 

Denote by B n the set of vectors (&i, . . . , 6<j) °f length d satisfying v{bi) ^ n+i(s+2). 
Then F(B n ) is an open subgroup of F((M) d ) for n > (d - 2)(s + 2). 

Lemma. Let c > d(s + 2) and n > m(c + d(s + 2)). Then for every a £ F{B n ) \ 
F(B n+1 ), P G F(B n+c ) \ F(B n+c+1 ) 



[a, (3] = a + F (3 - F a — F (5 F(B 2+s+m {c+d{ s +2))+mn)- 
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Proof. Indeed, v(c^ K ,a J ' '/3 K ') = s + J'A + K'B < s + m(n + c + d{s + 2) + 1) where 
A = (u(ai), . . . , v(dd)) for a = (ai, . . . , aj), -B for /3 is defined similarly. 
If | J| = /, \K\ = m- f and (J, if) < (J', if') then 

u(cf^a J p K ) ^ a + 1 + J' A + K'B > v{c { ^ K ,a J ' j3 K ' ). 

If m = |J| + |if| and |J| < /, then 

u(cf^a J p K ) > c - (d - l)(a + 2) - 1 + J' A + if '5 > v{c { ^ K ,a J ' f3 K '). 

If m < |J| + |if|, then for appropriate J", if" with |J"| + |if"| = m 

u(c { j^a J (3 K ) > n + s + 2 + J'M + if" 5 ^ (n + s + 2)(1 + m) 
> s + m(n + c + d(s + 2) + 1) ^ s + J' A + K'B. 

The lemma is proved. 

Proposition. The wild group R is not A-analytic. 

Proof. Assume that R is A-analytic and get a contradiction. Let F be the correspond- 
ing formal group of dimension d and let R contain F(B Q ) as an open subgroup, see [7, 
Th. 22]. Since Ri/R2i is isomorphic to (F p ) 1 , one can choose some of Rj for a new 
filtration F(B ) ^ W\ > W2 > • • • such that the quotient groups Wj/Wj+i are abelian 
of the same cardinality as (y4/A4) d . 

The wild group is finitely generated, therefore the topology {F(Bi)} is equivalent 
to the topology Wj and so there is z such that W\ ^ F(B Z ). Then every F{Bi) for 
i ^ z is normal in Wi. 

It is easy to check that if W\ ^ R v then (i?j \ Rj+i) H H ^ ^ H ^ Rj +v+2p - 
From here one deduces that there is u G N such that for every normal subgroup H of 
Wi 

i? n (w,- \ w i+ i) 7^ => if ^ w i+ „. 

Let = min{j : (W,- \ W i+1 ) n \ F(B i+1 )) + 0}. Then 

(1) W Ml)+u ^F(B t ) fort»0. 

The sequence ji(i) is non-decreasing. 

Let j 2 (i) = max{j : (W} \ W j+1 ) n {F{B t ) \ F{B t+l )) + 0}. Then 

(2) ^h(i) < + + « fori>0. 

If ji(t) > 1 + (t - o), then < W;_ 0+2 and the index of in is 

smaller than that of Wi +Q -2 in Wi, a contradiction. Hence by (1) 

(3) ji(t)<l + t-o and Wi +i _ 0+ „ ^ F{Bi) for i > 0. 
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If Wj ^ F(Bi), then j - 1 ^ i - z, hence W { - z n (F(B ) \ F(Bi)) ^ 0. Let 
a G (F(Bi,) \ F{B i/+ i)) n for some i' < i. Then j 2 (i') ^ i - z and by (2) 

ji(«) + « ^ + 1) + u ^ j2(«'). hence h{i) >i-z-u. 
Thus, 

(4) i-z-u ^ ji(i) ^ j 2 (i) + < 2 + + u for i » 0. 

Let a G (W,- \ W j+1 ) n \F(S n+1 )) and /? G (W i+9 \W i+9+1 )n(F(5 n+c )\ 
F(B n+c+1 )). Then by (4) 

(5) j + o — u — 2^n^j + z + u, j+g + o — u — 2^n + c^j+g + z + u. 
Hence 

(6) g~2u + o-z-2^c^g + 2u + z-o + 2. 
Choose q = p r and % sufficiently large such that 

j ^3-o + u + s + m(g + 3u + 2z - o + d(s + 2) + 2), g - 2u + o - z > d(s + 2) + 2 

and a = t + t 1+ * G W} \ (3 = t + G \ W j+g+1 , R 1+qH+q[i+1) ^ 

W( m+ i)j. Then c > d(s + 2) by (6) and n^j + o- n — 2> m(g + 2u + z — o + 2 + 
d(s + 2)) ^ m(c + d(s + 2)), (m + l)j - 1 + o - u ^ 2 + s + m(p + 2u + z- o + 2 + 
d(s + 2) + j + z + u) ^ 2 + s + m(c + d(s + 2) + n) by (5). According to sect. 6 we 
get [t + t l+q \t + t 1+q{i+ ^\ G -Ri +9 2 i+g(i+1) ^ W (m+1)j and the latter is a subgroup 
of -F(-B( m+ i)j_i+ _ u ) < F(B 2+s+m ( c+d ( s +2)+n)) by (3). 
Thus, there are 

a eW n \W n+1 ,P eW n+c \W n+c+1 , such that [a, 0\ G F(B 2+s+m{c+d{s+2)+n) ). 
That contradicts the property of ^4-analytic groups in the lemma. 
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